In this paper, we investigate how the fine structure constant, α, locally varies in the presence of a static and spherically symmetric gravitational source. The procedure consists in calculating the solution and the energy eigenvalues of a massive scalar field around that source, considering the weak-field regimen. From this result, we obtain expressions for an spatially variable fine structure constant by considering suitable modifications in the involved parameters admitting some scenarios of semi-classical and quantum gravities. Constraints on free parameters of the approached theories are calculated from astrophysical observations of the emission spectra of a white dwarf. Such constraints are finally compared with those ones obtained in the literature.
I. INTRODUCTION
How constant are the constants of nature? Which ones are really constant? These are some issues formulated by various researchers since Planck proposed in the early twentieth century a natural system of units for measurements of space, time, mass, and their derivations. Such units do not rely on arbitrary standards, rather they are built from the universal realms of electromagnetism, gravity and quantum mechanics. This one as well as other fundamental system of units are discussed in [1] .
In this context, the constants of nature which are dimensionless acquire great relevance.
One of the most important of them is the fine structure constant, α, given by the combination of the elementary charge e, reduced Planck constant , and light velocity in vacuum c, α = e 2 / c ≈ 1/137. It is currently measured with high precision, indicating the strength of the electromagnetic interactions, and was introduced for the first time by A. Sommerfeld [2] in order to explain the fine structure of the hydrogen atom spectra. Since then one seeks knowing if such a constant has varied in the time and space, principally from astrophysical [3, 4] or cosmological observations [5, 6] (and references therein).
From a theoretical point of view, some researches have investigated wider consequences of a variable fine-structure constant, including those ones based on cosmic strings [7, 8] , grand unification theories [9, 10] , and on extra dimensions [11, 12] . Other theories [13] also predict that the fine-structure constant became practically constant since the universe entered in its prevailing accelerated expansion epoch, meaning that its temporal variation has been negligible since then. On the other hand, spatially variable α implies that the laws of physics can be different at different locations of the Universe. The experimental support for global (i.e., cosmological) variations of α must be confirmed by other Earth-based tests [14] .
This paper deals with local variations of the fine structure constant induced by a spherically symmetric gravitational source, taking into account different scenarios, as for example the one which includes the presence of a self-force, and different approaches which consider Generalized Uncertainty Principle (GUP), non-commutative space, asymptotically safe gravity, and Horava-Lifshitz gravity. The Schwarzschild solution has been assumed here as a background metric, although static and spherically symmetric solutions in alternative theories of gravity must be described by other geometries. In these alternative theories the modifications in general relativity are Planck scale suppressed in low energies. Thus, our procedure considers that the Schwarzschild solution is slightly corrected in its proper parameters, such as Newtonian gravity constant or the source mass. These parameters explicitly appear in the eigenvalues of the energy found for a massive scalar field in the gravitational field of the source that we are considering. From their modification we obtain an effective
Planck constant and as a consequence a spatially variable α. Then, we will calculate from astrophysical measurements of α, specifically from data of the emission spectra of white dwarfs found in the literature [3] , the constraints on the parameters arising in the scenarios which we will consider. There are a wide variety of theories which seek quantize the gravity, so that only an experimental investigation can select those ones more consistent, while a true quantum theory of gravity awaits its discovery. The present paper can contribute to this investigation, by proposing that certain astrophysical measurements of α fix the values permitted for some parameters of those theories.
The paper is organized as follows: In section II we obtain the solution of a massive scalar field in the Schwarzschild metric, and determine the energy spectrum. In section III, we calculate the effective fine structure constant in the aforementioned scenarios. Finally, in section IV, we draw the conclusions and close the paper.
II. SCALAR FIELD AROUND A STATIC SPHERICALLY SYMMETRIC

SOURCE
The scalar massless field in the background of the Schwarzschild solution was discussed during last decades [15] (See references therein about the earlier works on this subject). It is important to call attention to the fact that all these discussions considered only approximate solutions to the problem. In fact, only recently the exact and complete solutions for the field dynamics of a scalar field in Schwarzschild spacetime was solved in [16, 17] in terms of the Heun's functions due to advances on the study these functions in recent years.
We will now briefly summarize the investigations concerning the behavior of massive scalar fields in the gravitational field of a static black hole, considering solutions in the region exterior to the horizon. To do this, we must solve the covariant Klein-Gordon equation, which is the equation that describes the behavior of scalar fields in the spacetime under consideration. In a curved spacetime, we can write the Klein-Gordon equation of an uncharged massive scalar particle coupled minimally with gravity as
where we adopted the natural units c ≡ ≡ 1 and m is the particle mass. On the other hand, the background generated by a static and uncharged black hole is represented by the Schwarzschild metric [18] , which in the Boyer-Lindquist coordinates [19] can be written as
where
and M is the mass of the source, with G ≡ 1.
In order to solve Eq. (1) in the background given by Eq. (2), we assume that its solution can be separated as follows
where Y m l l (θ, φ) are the spherical harmonic functions. Plugging Eq. (3) and the metric given in Eq. (2) into (1), we obtain the following radial equation
This equation has singularities at r = (a 1 , a 2 ) = (0, 2M), and at r = ∞, and can be transformed into a Heun-type equation by using the coordinate transformation in the independent variable
and in the dependent one by introducing a new function,
Then, we can transform Eq. (4) into an equation for Z(x), which is written as
with the coefficients A 1 , A 2 , A 3 , A 4 , and A 5 given by
the confluent Heun funtions. Therefore, the general L. I. solutions over the entire range 0 ≤ x < ∞ can be written as
where C 1 and C 2 are constants, and the parameters α, β, γ, δ, and η are given from of the coefficients of Eq. (6) above by
These two functions are linearly independent solutions of the confluent Heun differential equation provided that β is not an integer [20] .
We must now calculate the field energy eigenvalues, imposing boundary conditions on the solutions at the asymptotic region (infinity), which in this case, requires the necessary condition for R(x) to be a polynomial, since the confluent Heun solutions have irregular singularities there. The confluent solution is defined in the disk |z| < 1 by the series
together with the condition HeunC(α, β, γ, δ, η, 0) = 1. The coefficients v n (α, β, γ, δ, η) are determined by three-term recurrence relation (n > 0)
with initial condition v −1 = 0, v 0 = 1 [22] . Here
Thus, in order to have a polynomial solution of the confluent Heun function we must impose the so called δ N and ∆ N +1 conditions, namely [20] ,
with N being a non-negative integer. The first condition Eq. (19) gives the following expression for the energy levels
Now we consider in our analysis the low frequency limit, ωM → 0, which means that the particle is not absorbed by the black hole. In fact, the relative absorption probability of the scalar wave at the event horizon surface of a static and uncharged black hole is given by [16] 
and, in the considered limit, this probability goes to zero. In this regime, the particle does not penetrate via tunneling the effective potential barrier that exists around the black hole (the Regge-Wheeler potential), in such a way that the reflection coefficient tends to one [15] .
The considered limit also can be thought as a cutoff introduced in order to eliminate high frequencies. It is worth yet notice that, for m = 0 and in that approximation, we have the solution n = −1, which does not make sense. This seems to suggest that, while classically stable orbits for such a kind of particle exist just at r = 3M [15] , quantum mechanically they do not exist in any way, i.e., there is no massless stationary states completely exterior to the black hole.
We take now into account the possible stationary states which are totally exterior to the black hole, by neglecting the terms O(Mω) in Eq. (21) according to the aforementioned low frequency limit. Then we have
which implies
and thus we easily get the energy eigenvalues, given by
where we have used E n = ω n , and reintroduced G, , and c. Furthermore in the above expression n = N + 1 is redefined such that the states begin from n = 1. The Eq. (24) was also found in [21] by following a different approach.
Notice that the bound energy E n,b = E n − mc 2 reaches a minimum equal to −mc 2 when GM/c 2 = n /mc or r S /2 = nλ C , where r S is the Schwarzschild radius and λ C is the Compton wave length of the particle. Thus, in order to consider all the quantum states of the particle, i.e., without a bounded n, we must have λ C ≥ r S /2, which is compatible with the low frequency limit that we are using, implying real energies and therefore without the possibility of tunnel effect to the black hole interior. Such exterior solutions are quite suitable to our purposes and will be applied to spherically symmetric sources which are not black holes.
We have reintroduced the fundamental constants in Eq. (24) in order to call attention to the fact that its non-relativistic approximation, O(1/c 2 ) → 0, after subtracting the rest energy of the particle, is exactly equal to the Bohr's energy levels of a "gravitational hydrogen-like atom", namely
which also was obtained in [23, 24] . This result will be henceforth used for our purposes of calculating the variable fine structure constant according to some approaches to be considered below.
III. ON LOCAL VARIATIONS OF THE FINE STRUCTURE CONSTANT
In this section we will investigate the spatial variations of the fine structure constant according to semi-classical and quantum theories of gravity, obtaining constraints on the involved parameters from the current astrophysical measurements, specifically from emission spectra of white dwarfs.
A. Scenario I: Existence of a self-force on the particle
According to [27] , for any circular orbit around a static spherical gravitational source and in the approximations considered so far, a scalar particle with charge e suffers a repulsive radial force which is given by
where Ω is the angular velocity of the particle, L = mvr is its angular momentum, and k a undetermined numerical dimensionless constant. Taking into account the Newtonian gravity and the second law of classical mechanics, we have
from which r = n 2 2
where the quantization rule L = n was taken into account. Notice that the expression (28) is compatible with (25) when k = 0, i.e., for the gravitational Bohr orbits. From Eq. (28),
we can define an effective Planck's constant, ef f = (1 + ke
, and thus find a new expression for the fine structure constant α = e 2 / c, namely, an effective fine structure constant, α ef f , given by
in which we notice that α ef f ≤ α.
Constraints on the value of k can be found from measurements of |∆α/α| = |[α(r) − α]/α| ∼ 10 −5 made using the spectra of white dwarfs [3] . Thus, we have that
where it was used r = 0.022R ⊙ and M = 0.51M ⊙ [3] . A similar analysis on the variation of the fine structure constant considering the self force on a particle in the spacetime of a cosmic string was made in [7] .
B. Scenario II: Generalized Uncertainty Principle (GUP)
String inspired theories and black hole physics predict the existence of a fundamental length in the Universe. A generalization of the Heisenberg principle, namely, GUP, incorporates this fact [28] . Such a principle is very closely linked to the Doubly Special Relativity (DSR), where modified dispersion relations (or MDR) prevail in order to yield an additional invariant scale (besides that one related to the speed of light), which matches the scale at which the quantum nature of the spacetime manifests itself [29, 30] . In other words, GUP and DSR (with MDR) are different aspects of the same idea, envisaging the existence of an observer-independent minimal length scale or a maximum momentum in quantum gravity theory.
Specifically, GUP is often written as
where L p = G/c 3 is the Planck length and β a dimensionless constant. The minimal uncertainty for x i is ∆x (min) i = 2βL P , considering a free particle. For the particle around a spherically symmetric gravitational source, we suppose that this minimum corresponds to a GB (r), which is the gravitational Bohr's radius obtained when n = 1 into Eq. (28) . Thus, we can write the previous expression for ∆p i in terms of this radius, which results in an effective ef f given by
If we consider that L P /a GB ≪ 1, we have the approximation ef f ≈ (1 + β 2 L 2 P /a 2 GB ), which combined with the explicit expression for a GB results in an effective fine structure constant given by
Neglecting the second term in parenthesis of Eq. (34), we can infer a constraint on β using the same data of the previous scenario. In doing this procedure, we get the following constraint β 2.3 × 10 17 .
C. Scenario III: Non-commutative geometry
In this case, we take into account that point-like masses are diffused throughout space due to a fundamental uncertainty with respect to its localization. In other words, the coordinates of a particle obey a non-commutative relation. Thus, its mass density is distributed according to a Gaussian function instead of a Dirac one, in the following form [31] 
where θ is the non-commutativity parameter. Integrating this expression over the volume up to r, we find that the point-like source mass is
where γ(3/2, x) = . Thus, using this result, we find a new fine structure constant, α ef f , written as
Doing the appropriate expansion of γ(3/2, r 2 /4θ)
have the following approximate result
for √ θ ≪ r. In order to establish constraints on the θ parameter by taking into account the astrophysical measurements about |(∆α)|/α ∼ 10 −5 previously considered, we can graphi-
which is about 25% of the source radius. Considering r = 0.022R ⊙ , as before, we have that √ θ 3.7 × 10 6 m.
D. Scenario IV: Asymptotic safety gravity
The procedure adopted in this and the following section is based on an extension of models in which the relative spatial variation of α by considering two distinct points is proportional to the difference between the Newtonian gravitational potentials in these places [25] (e.g., white dwarf surface and Earth), i.e., ∆α/α = k α ∆φ N , where φ N = GM/c 2 r. The generalization proposed here is to consider ∆α/α = k α ∆Φ where Φ is the post-Newtonian potential so that e 2Φ = g 00 [26] . Thus we have
where φ cS is the term that corrects the g 00 coefficient regarding the Schwarzschild metric in the theories to be considered.
For the exterior region of a static black holes it was proposed [32] (see references therein) the existence of an effective improved solution based on the asymptotic safety approach, which incorporates quantum corrections to the classical solution (2) . That effective solution is equivalent to put in this latter a corrected Newtonian gravity constant given by
where we have again 
The constraint on L comes from the measurements on |∆α|/α under consideration, which permits us to establish the following constraint
If we use the radius and mass used so far, this upper bound is L < 7.0 × 10 7 m.
E. Scenario V: Hořava-Lifshitz gravity
The theoretical formulation known as Hořava-Lifshitz gravity is a recent attempt to build a renormalizable quantum theory of gravity [34] [35] [36] . This formulation has a manifest broken Lorentz symmetry at ultraviolet scale which occurs via anisotropic scaling of space and time.
Such a theory reduces to general relativity in the appropriated (infrared) limit. In this context, there exists a static and spherically symmetric general solution of Hořava-Lifshitz gravity, which in the infrared approximation is given by Eq. (2), with f (r) corrected to [33] 
where ω is a free parameter of the Hořava-Lifshitz theory. The limit ω → ∞ corresponds to the infrared regime, where this theory goes to general relativity.
As the aforementioned metric represents a slight correction to the Schwarzschild one, we
can assume that such a correction leads to a relative spatial variation in the fine structure constant so that ∆α
Considering once more the data used in order to obtain constraints in the involved parameters of the theories examined until now, we have that ω > 10 −134 m −2 .
IV. CLOSING REMARKS
In summary, we have initially presented analytic solutions of the radial part of the KleinGordon equation for an uncharged massive scalar field in the spacetime of a static and spherically symmetric source (Schwarzschild's spacetime). Then, we have drawn the energy eigenvalues of that field in the regimen in which Mω → 0, so that the particle does not tunnel into the black hole, i.e., we have considered only the completely exterior solutions. The consistence of these calculations was shown via non-relativistic limit in which we obtained the gravitational analogue of the Bohr's levels for the hydrogen atom. With this, we justify the use of quantized orbits in our purpose of finding the local variations of the fine structure constant.
Next, we investigated how the fine structure constant α depends on the parameters of some semi-classical and quantum theories of gravity. At this stage, we analyzed how modifications in the Newtonian constant G (in the scenarios which consider particle selfforce, asymptotically safety and Hořava-Lifshitz gravities), as well as in the source mass (through the non-commutative geometry) or directly in the proper Planck constant (via GUP), from their insertion into Eq. (25), imply a variation in this last constant, and as a consequence in the fine structure constant. This found effective fine structure constant became a function of the radial coordinate calculated from the source, and measurements of α ef f based on the emission spectra of white dwarfs allowed us inferring constraints on the undetermined parameters of those approaches. It is worth noticing that all the analysis made here showed up that α ef f is such that α ef f < α, which means the its values are lower than the value of the fine structure constant outside the scenarios considered.
The table I resumes the results, which are compared with the ones registered in the literature and collected from similar astrophysical measurements, when they exist. From this table, we can see that the best parameter constraints obtained were those ones related to GUP and non-commutative space scenarios, and the worst was the one calculated via Hořava-Lifshitz gravity. For the constraints obtained using the particle self-force and the asymptotic safety gravity approach, we have no results in the literature, as far as we know, in order to make comparisons. Asymptotic safety gravity L < 7.0 × 10 7 m − Hořava-Lifshitz gravity ω > 10 −134 m −2 10 −22 m −2 [39] 
